Although Eulerian approaches are standard in computational acoustics, they are less effective for certain classes of problems like bubble acoustics and combustion noise. A different approach for solving acoustic problems is to compute with individual particles following particle motion. In this paper, a Lagrangian approach to model sound propagation in moving fluid is presented and implemented numerically, using three meshfree methods to solve the Lagrangian acoustic perturbation equations (LAPE) in the time domain. The LAPE split the fluid dynamic equations into a set of hydrodynamic equations for the motion of fluid particles and perturbation equations for the acoustic quantities corresponding to each fluid particle. Then, three meshfree methods, the smoothed particle hydrodynamics (SPH) method, the corrective smoothed particle (CSP) method, and the generalized finite difference (GFD) method, are introduced to solve the LAPE and the linearized LAPE (LLAPE). The SPH and CSP methods are widely used meshfree methods, while the GFD method based on the Taylor series expansion can be easily extended to higher orders. Applications to modeling sound propagation in steady or unsteady fluids in motion are outlined, treating a number of different cases in one and two space dimensions. A comparison of the LAPE and the LLAPE using the three meshfree methods is also presented. The Lagrangian approach shows good agreement with exact solutions. The comparison indicates that the CSP and GFD method exhibit convergence in cases with different background flow. The GFD method is more accurate, while the CSP method can handle higher Courant numbers.
Introduction
Computational acoustics is widely used in industrial applications to model devices such as fans, automobile manufactures, underwater vehicles, room acoustics, and so on. Many different models have been proposed and used in these applications, such as direct numerical methods [1] , the linearized Euler equations (LEE) [2] , acoustic analogy methods (Lighthill's acoustic analogy theory [3] , Ffowcs-Williams and Hawkings (FW-H) method [4] , etc…), and hydrodynamic/acoustic splitting methods (expansion around an incompressible flow (EIF) model [5, 6] , acoustic perturbation equations (APE) [7, 8] , perturbed compressible equations (PCE) [9, 10] , etc...).
Eulerian approaches have mainly been used to implement numerical approximations to these models, and different numerical methods include the finite difference method (FDM) [11] , the finite element method (FEM) [12] , the boundary element method (BEM) [13] , and other modified or coupled methods [14] [15] [16] . These methods have shown their power in solving various acoustic problems so far. However, they are still not ideal for solving certain acoustic problems, such as transient acoustic problems with free surfaces, complex material interfaces, inhomogeneous media, moving or deformable boundaries, and multiphase systems. Some specific examples are bubble acoustics [17] , combustion noise [18] , sound propagation in multiphase flows [19] , etc… Compared to the Eulerian approach which solves for quantities at fixed locations in space, the Lagrangian approach uses individual particles which move through both space and time, and have their own physical properties, such as density, velocity, and pressure, to represent the dynamically evolving fluid flow. The flow is described by recording the time history of each fluid particle. A comparison of two approaches is outlined in Fig. 1 . It should be noted that even for a Lagrangian approach, Lagrangian quantities are usually represented in an Eulerian framework, since equations written in the Lagrangian description are very awkward for most purposes, and are seldom used [20] . A comparison between Eulerian and Lagrangian descriptions can also be found in [20] . Consequently, a Lagrangian approach with Lagrangian quantities represented by the Eulerian description is an alternative way to deal with fluid dynamics problems or acoustic problems. The application of Lagrangian approaches in CFD has shown the advantages of such methods in solving problems with multiphase systems [21] [22] [23] .
However, in the field of computational acoustics, there have been almost no applications of Lagrangian approaches. It is possible to solve the Navier-Stokes (N-S) equations directly over all spatial and temporal scales in a Lagrangian approach [24, 25] , which can be viewed as a Lagrangian direct numerical simulation (DNS), but this Lagrangian DNS is as costly as an Eulerian DNS.
Moreover, it is worth noting that a partial Lagrangian method, which is also a hydrodynamic/acoustic splitting method, has been obtained previously: this partial Lagrangian method, which considers fluid flow with Eulerian quantities and represents acoustic variables with a Lagrangian description, had been used in Galbrun's equations [26, 27] for aeroacoustics. The perturbation of the particle position due to sound waves is the only Lagrangian variable used in this partial Lagrangian method. The flow field is computed based on fixed grids in this approach, and hence the advantages of the Lagrangian approach mentioned before cannot be used in the fluid flow computation.
The purpose of our work is to devise a Lagrangian approach for computational acoustics, which computes the fluid particle motion and the sound waves based on the acoustic perturbation assumption [8, 9] . In this way, this approach can consider sound generation and propagation with complex background flow or multiple media, and can be more efficient than the Lagrangian DNS method by ignoring scale disparities since the flow and acoustics are treated separately [10, 28] as in hydrodynamic/acoustic splitting methods. In addition, we choose meshfree method, instead of traditional mesh based methods to realize the computation numerically, because dependent variables correspond fluid particles, which can move with the fluid, instead of fixed points.
Meshfree methods has been used to solve the acoustic wave equation in quiescent media in the time domain or the Helmholtz equation in the frequency domain, as in the multiplescale reproducing kernel particle method (RKPM) [29] , the element-free Galerkin method (EFGM) [30] , the method of fundamental solutions (MFS) [31] , etc… [32, 33] . When using a meshfree method, the Lagrangian approach proposed in this paper not only has the advantages of the Lagrangian property mentioned before, but also has the benefits of the meshfree method itself, such as avoiding mesh generation.
In this paper, we have chosen three different meshfree methods to implement and validate the Lagrangian acoustic perturbation equations (LAPE): smoothed particle hydrodynamic (SPH), the corrective smoothed particle method (CSP), and the generalized finite difference (GFD) method, a meshfree method derived from traditional finite difference methods. These three methods are representative of meshfree methods in general.
The SPH method is a Lagrangian meshfree method first pioneered independently by Lucy [34] and Gingold and Monaghan [35] to solve astrophysical problems in 1977. It has been widely used in different fields as outlined in recent reviews [21] [22] [23] 36] . Details about the standard SPH computation can be found in Liu and Liu's book [37] , and the CSP method can be found in [38, 39] . To date, this Lagrangian method has shown its advantages in fluid dynamics simulations, and the Lagrangian particle tracking method has been widely used in modelling bubble motions [40] , free surface [41] , dust [42] , and other problems. In the preliminary work, we have given a compact discussion concerns the numerical performance of the SPH method in solving acoustic wave equations in quiescent media [43] [44] [45] .
The GFD method, also called the meshless finite difference method, was first discussed for fully arbitrary meshes by Jensen [46] in 1972. Perrone and Kao [47] also contributed to the development of this method at that time. Subsequently, a variation of the GFD method using the moving least squares approximation was proposed by Lizska and Orkisz [48] .
Recently, Benito, Urena and Gavete gave a discussion about the influence of several factors in the GFD method, and a comparison between the GFD method and the EFGM in solving Laplace equation is also presented in [49] [50] [51] . The GFD method shows more accurate than the EFGM. In addition, the GFD method was applied to solve acoustic wave equations in quiescent media recently [52] .
The present paper is organized as follows. In section 2, the LAPE are obtained. In section 3, the SPH and CSP formulations for simulating acoustic waves in a moving flow is given based on the LAPE. In section 4, the GFD formulation for computing LAPE is shown.
Several test cases are given in order to validate the numerical method in section 4, while section 5 summarizes the results of this work.
Lagrangian acoustic perturbation equations
The fundamental assumptions and equations are presented first, and then the LAPE for computational acoustics are obtained.
Fundamental assumptions and equations
The basic idea of the hydrodynamic/acoustic splitting method is to split the background flow and acoustic perturbation based on differences in amplitude. Details of this approach can be found in [8, 9] . Following this idea, consider a fluid particle which has physical properties:
where P , ρ , v , and S are the pressure, density, velocity, and entropy of the fluid particle respectively; 0 p , 0 ρ , 0 v , and 0 S are the components in the absence of sound, while p δ , δρ , δ v , and S δ are the perturbations of corresponding parameters due to acoustic waves.
All these variables are supposed to be the physical properties of a fluid particle which can move through both space and time, rather than at a fixed position. Nevertheless, as mentioned in the introduction, all these parameters are represented in Eulerian coordinates.
The Lagrangian form of the fluid dynamics equations is given in Chapter 4 of Liu and
Liu's book [37] . The fluid dynamics equations including gravity can be written as:
the momentum equation
the equation of state
where the material or Lagrangian derivative is written as
Now we consider the sound waves in an inhomogeneous medium without the effects of viscosity. Sound propagation can be modelled as an adiabatic process, and viscosity, diffusion and thermal conductivity can be neglected. 
For adiabatic processes we have
Eq. (5), Eq. (6), and Eqs. (9)-(10) are a closed system for equations of fluid dynamics.
For an ideal gas, Eq. (10) can be replaced by
where γ is the ratio of specific heats ( γ = 1.4 for air).
Equations for background fluid motion
Now we consider the flow without sound waves. The usual hydrodynamic equations include gravity can be written as
where the material derivative is 0 0
For an adiabatic process neglecting viscosity, diffusion, and thermal conductivity, we have the equation of state
where
For an adiabatic process we have
where 0 c is the sound speed not influenced by the acoustic wave, with 
Lagrangian acoustic perturbation equations
Considering acoustic perturbations generated by sound, and substituting Eqs. (1)- (3) into the continuity equation (Eq. (5)), the momentum equations (Eq. (6)), and the equation of state (Eq. (9)) leads to
Rearranging these equations using the hydrodynamic equations (Eqs. (13), (14) , and (17)), we obtain the LAPE as 
where the material derivative used is Eq. (16) . These equations are exact.
Ignoring the second-order terms, leads to linear equations for sound waves. In order to take into account sound sources, two terms are added to the right hand side of equations, and the linearized LAPE (LLAPE) are
where a δρ represents a volume velocity generated by a source, and 0 δ ρ f is a force density [8] . This corresponds to a singular source in the fluid, which can be useful for modelling purposes. 
For an ideal gas, Eq. (30) becomes 
where the first fraction is an exact result and the last is linearized.
It can be seen that the left hand side of Eqs. (13), (14), (24) , and (25) (13), (14) , and (17)- (19) , and the acoustic variables of each particle can be obtained from Eqs. (27)- (31) . In this way, we have a Lagrangian approach to solve the LLAPE.
Equations for different cases

Sound propagation in steady uniform flow
The LAPE are now applied to determine sound propagation in steady uniform flow. A general uniform flow ignoring gravity can be represented as
Substituting into Eqs. (27) - (29), the LLAPE for steady uniform flow become
In quiescent media, Eqs. (35)-(37) leads back to acoustic wave equations.
Sound propagation in incompressible steady flow
Let sound waves travel through incompressible steady flow with constant density.
Solutions of Eqs. (13), (14) , and (17) ignoring gravity are obtained from
The corresponding linearized Lagrangian acoustic wave equations for incompressible
SPH and CSP Equations
Since the SPH method is a famous and widely used meshfree method in computational fluid dynamics, the LAPE and LLAPE are solved using SPH and a correction to it, CSP, in this section.
Basic concepts of SPH
SPH is a meshfree Lagrangian particle method. Functions in the SPH method are represented by a particle approximation. Some basic concepts are presented in this section.
A function f (r) can be represented as
where f is a function of the vector r, Ω is the volume of the integral, W is the smoothing kernel, and h is the smoothing length which represents the size of the support domain. The kernel approximation operator is denoted by the angle bracket <>.
The particle approximation for the function f (r) at particle i can be written as
where ri and rj are the positions of particles i and j, N is the number of particles in the computational domain, mj is the mass of particle j,
ij ij W W h = r and rij is the distance between particle i and particle j as shown in Fig. 2 . The cubic spline function given by Monaghan and Lattanzio [53] , which is widely used in the computational fluid dynamics, is chosen as the smoothing kernel in the present paper.
SPH equations for background flow
Particle approximation for fluid dynamic equations (Eqs. (5), (6) , and (9)) in the absence of forces are given in [37] . The particle approximation used for the hydrodynamic equations including gravity (Eqs. (13), (14), and (17)) can be obtained in a similar way. The results are
where i p , i ρ , and i v are the pressure, density, and velocity of the fluid particle i in the absence of sound, corresponding to 0 p , 0 ρ , and 0 v in section 2, vij = vi -vj, and i ∇ denotes the gradient of the kernel taken with respect to the coordinate of particle i.
Other forms of (45) and (46) are
LLAPE in SPH form
Applying the SPH particle approximation equation (Eq. (44)) to the LLAPE (Eqs. (27)- (29)) yields
δρ , and i δ v are the perturbations of pressure, density, and velocity of the fluid particle i due to acoustic waves.
Considering the particle approximation of the gradient of the unity and the transformation method presented in [37] , the particle approximation equations of the continuity and momentum equations of acoustic waves (Eqs. (50) and (51)) can be rewritten
For sound propagation in steady uniform flow, the SPH form of the LLAPE is
CSP method
The CSP method improve the particle approximation in the standard SPH method using Taylor series.
The Taylor series expansion of a function f (r) at a position ξ can be represented as
where , 1, 2,3 α β = are the dimension and
Multiplying both sides of Eq. (58) by the smoothing function W (r -ξ) yields 
Ignoring all derivative terms, f (ξ) can be represented as
Multiplying both sides of Eq. (58) with ∇W (r -ξ) yields
... 
Neglecting second and higher derivative terms, fα (ξ) can be represented as
Following a similar derivation to that in the standard SPH method, the particle approximations for Eqs. (62) and (65) at particle i become
Particle motion and time integration
In our Lagrangian approach, calculation of the particle motion and time integration is performed with a second-order leapfrog integration [54] . In this scheme, the equations for updating the position of particles and the velocity are
is the velocity of fluid particle i at time 1 2 t t + Δ , t is the time of previous timestep, and t Δ is the time step. Eq. (68) starts with the initial velocity offset given by
4. GFD Equations
The consistency problem always limit the accuracy of SPH method [21, 55] , and the gradient of kernel function have some special requirements on selecting a kernel function [37] . So, in this section, we show another meshfree method, namely the GFD method, which only use the kernel itself. This method reduces to standard finite difference methods (FDM)
on an orthogonal grid, and can be easily extended to higher orders [56] .
Spatial derivative approximation by GFD
Consider a particle i surrounded by particles j = 1, 2, …, N, with all N + 1 of them are in a compact support domain. The value of an infinitely differentiable function F at the position of particles i and j are defined as Fi and Fj. Let us expand in the Taylor series of F at the particle i:
where Eqs. (71) and (72) are for 1D and 2D, respectively, with hj = xj -xi, and kj = yj -yi.
Ignoring higher order terms, the approximation of F is denoted by f :
After rearranging these equations, the sum of these expressions for all particles j with multiplying weight functions are obtained: 
where W(hj, h) and W(hj, kj, h) are weight functions in 1D and 2D respectively, and h represents the size of the support domain, which is always called smoothing length in the SPH method (see section 3.1). For a circular shape domain, h stands for the radius of the support domain.
In order to compare with the SPH method, the closest nodes to the particle i are selected as particles j, and these particles should be in the support domain at the same time. In addition, cubic splines are selected in both SPH, CSP, and GFD methods as the weighting function. A comparison of different criterions of particle selection and different weighting functions in the GFD method is given in [47] . In the following equations, we use W for the weighting function.
Defining functions B2 in 1D and B5 in 2D as 
According to Eqs. (75) and (76), the norms B2 and B5 equal to 0, so we obtain: 
Eqs. (79)- (85) give us the following equations: T  2  2  2   u5  2  2 , , , , 
Since the matrices A2 and A5 are symmetrical, Eqs. (88) and (89) can be solved using Cholesky factorization. In this way, the spatial derivative can be obtained and the material derivative in LAPE can be integrated using the time integration scheme.
GFD equations for background flow
The coefficients of D2 and b2 are denoted by D2m(fi) and b2m(fi) with m = 1, 2, and the coefficients of D5 and b5 are denoted by D5m(fi) and b5m(fi) with m = 1, 2, … 5. For example,
(
Besides, the matrices A2 and A5 has a decomposition in upper and lower triangular matrices (1,1) 0 (1,1) (2,1)
By using the GFD method and Cholesky factorization to solve Eqs. (88) and (89), we obtain the solutions for Eqs. (13) and (14) in one dimension from 0 21 ( )
In two dimensions, we have
where ui and vi are the velocity of particle i along two directions, and 
For an ideal gas, the equation of state is Eq. (20).
LLAPE in GFD form
The GFD form of the LLAPE (Eqs. (27) and (28)) ignoring the force density is given in this section as an example. The GFD formulation in one dimension is 0 21 
Numerical Tests and Discussion
In this section, different test cases with applications to modeling sound propagation in moving fluids are outlined. 
[ ] 
[ ]
where u δ is the velocity perturbation along the x-axis, t represents time, x is the geometric position, k is the wave number, and 
In the model, sound waves propagate along the x-axis over a time interval of 0.5 s, w is the angular frequency of 340 rad/s, and k is set as 1.0 rad/m. The computational domain spans -250 m to 250 m. Since the computational region is far longer than the sound propagation distance, Dirichlet boundary conditions are applied to both ends of the computational region.
The sound pressure and perturbations of density and velocity for the last three particles at each end are set as 0, which are their initial value.
In the computation, the particle spacing (∆x) is set to be 0.05 m, the Courant-FriedrichsLewy (CFL) number is 0.15, and the smoothing length (h) for the simulation is 1.45∆x. The CFL number is defined as CFL 0
where ∆x is the time step and CCFL is the CFL number.
CSP results at time t are compared with exact solutions in The figure shows that sound pressure amplitude and tendency obtained by the CSP method agree well with exact solutions, and the CSP method is validated for this problem.
To evaluate the convergence of the three meshfree methods, a non-dimensional sound pressure error (εpre) is used to discuss the effects of ∆x and CCFL. εpre is defined as:
where N is the number of particles in the computational domain, j p * is the numerical solutions of sound pressure for particle j, p(xj) is the theoretical sound pressure at the position xj, and xj is the position of particle j.
Convergence and CPU time (tCPU) curves for SPH, CSP, and GFD solutions of LLAPE are shown in Fig. 4 and Fig The effects of CCFL on εpre and tCPU for the three meshfree methods solving the LLAPE at Ma = 0.2 are shown in Fig. 6 and Fig. 7 . All computational parameters are the same as in the computation for Fig. 3 with only CCFL changing. When CCFL is small enough, εpre remains small. As CCFL increases, there is a rapid growth in εpre. The value of CCFL to keep the computation stable is different for the three methods.
According to the graph, the maximum CCFL value for the SPH, CSP, and GFD methods is about 0.28, 0.35, and 0.23 respectively, and for larger CCFL convergence is lost. Fig. 7 shows that small CCFL leasds to noticeable growth in tCPU, and the GFD method requires more tCPU than other two methods. For the three mehfree methods, as CCFL changes from 0.05 to 0.4, tCPU decreases from around 300 s to 50 s. When CCFL is small, this tendency is more obvious then at large CCFL.
The effects of h/∆x on numerical solutions of LLAPE at Ma = 0.2 are shown in Fig. 8 .
In the test, h/∆x changes from 1.2 to 1.7 corresponding to 4 particles in the support domain, which is suggested for the SPH method [37] . For further evaluation, Table 1 compares the accuracy and efficiency of the three meshfree methods in solving LAPE and LLAPE. Since there is no theoretical solution for LAPE, the exact solutions come from DNS. In the DNS computation, we use a 4th order finite difference scheme for special derivative and a 4th order Runge-Kutta time integration scheme. In order to validate the DNS computation, it is used to solve LLAPE, and the results are compared with theoretical solutions (Eqs. (115)- (117)). The data show that εpre of the DNS method is lower than 1.0 × 10
, which is close enough to be considered exact.
Considering difference between the DNS mesh and meshfree grids, there is maybe no DNS solution corresponding to a fluid particle in the meshfree computation. The bilinear interpolation is used to interpolate the DNS data to a value corresponding to a fluid particle. As is shown in the table, both LAPE and LLAPE are validated to be useful in solving problems with acoustic propagation in steady uniform flow. Compared with LAPE, LLAPE can save some computational time with acceptable loss in the accuracy.
The table also indicate that three meshfree methods are successful in numerical implementation of the Lagrangian approach. In solving LAPE, similarly to the previous results of solving LLAPE in Fig. 4 and Fig. 5 , the GFD method show a higher accuracy, and the SPH method cost less computational time. In addition, Different Mach numbers of the uniform flow do little effects on εpre and tCPU.
1D Sound propagation in unsteady flow
After analyzing sound propagation in steady uniform flow, the same analysis is used to evaluate the Lagrangian approach in modelling sound propagation in unsteady flow.
Theoretical solutions for a 1D unsteady background flow is given in Chapter 3 in [58] .
Consider sound propagation in a 1D unsteady flow with
1 For further evaluation, convergence and CPU time curves for SPH, CSP, and GFD solutions of LLAPE are shown in Fig. 10 and Fig. 11 . All computational parameters stay the same as in the model for Fig. 9 except ∆x. Fig. 10 shows that the SPH method does not converge, while the CSP and GFD methods do. This resultis consistent with the analysis in [59] , which gives an error estimation for four schemes including both the standard SPH method and the CSP method. For irregular particle arrangement, [59] shows that the CSP method converges as ∆x decreases, while convergence for the standard SPH method requires both ∆x → 0 and h / ∆x → ∞. This conclusion can also be found in [60] . On the other hand, for the CSP and GFD methods, εpre decreases along with ∆x. The GFD method has a better accuracy for different ∆x compare to the other methods. A decrease of ∆x increases the time cost as can be seen from Fig. 11 . The GFD method has the highest tCPU cost, while the SPH method has the lowest. Nevertheless, the difference is small between the three methods. tCPU increases from less than 100s to about 600s when ∆x decreases from 0.09 m to 0.03 m.
To evaluate the effects of CCFL, a comparison of εpre from different CCFL computation is shown in Fig. 12 . When CCFL is small enough, εpre stays stable for the three methods. When CCFL increases, εpre diverges. The value of CCFL to maintain a small and stable εpre for the SPH, CSP, and GFD methods is around 0.23, 0.30, and 0.20 respectively. When CCFL is smaller than these values, the GFD method is more accurate than other two methods.
A comparison of tCPU from different CCFL computation is shown in Fig. 13 . Large CCFL reduces tCPU, and the rate of change slows down as CCFL increases. The GFD method has the highest time cost, but the difference among three methods is small. Increasing CCFL from 0.05 to 0.4 decreases tCPU from around 600 s to less than 100 s. For further evaluation, Table 2 compares εpre and tCPU of the SPH, CSP, and GFD methods in solving LAPE and LLAPE with unsteady background flow. Fig. 10 and Fig. 11 , the GFD method is more accurate than the other two methods, while the SPH method cost the least computational time.
2D sound propagation in steady uniform flow
In this case, a 2D acoustic model is selected to validate the Lagrangian approach. This model is similar to the problem given in the ICASE/LaRC workshop concerning benchmark problems in computational aeroacoustics (CAA) [61] . In addition, the standard SPH method is not discussed in 2D problems, because it has more limitation to maintain convergence and the selection of h is also more difficult than the CSP and GFD methods in the application as 
where δu and δv are the velocity perturbation of particles along the x-axis and y-axis 
where J0( ) and J1( ) are Bessel functions of order 0 and 1 respectively.
In the simulation, ∆x is set as 0. The effects of CCFL on the CSP and GFD solutions of LLAPE at Ma = 0.2 are shown in Fig. 19 and Fig. 20 . Fig. 19 . Finally, εpre rises sharply when CCFL is larger than 0.7 and 0.55 for the CSP and GFD method respectively. For most acceptable choices of CCFL, the GFD method has lower εpre than the CSP method. Convergence and CPU time curves for CSP and GFD solutions of LLAPE are shown in Fig. 23 and Fig. 24 . All computational parameters stay the same as in section 5.3 except ∆x. To evaluate the effects of CCFL, a comparison of εpre from the computation with different CCFL is shown in Fig. 25 . The line graph shows that εpre stays stable when CCFL is small enough.
There is then a clear increase in εpre when CCFL increases and gets higher. The stability condition for CCFL is different for the two methods. According to the graph, the highest CCFL value for the CSP and GFD methods is about 0.7 and 0.5 separately.
A comparison of tCPU from different CCFL computations is shown in Fig. 26 . The figure shows the GFD method has a higher tCPU compared to the CSP method. For the two methods, changing CCFL from 0.05 to 0.8 decreases tCPU from over 500 s to about 50 s. For further evaluation, Table 4 compares εpre and tCPU of two meshfree methods in solving LAPE and LLAPE. The table reveals that both LAPE and LLAPE are able to solve 2D acoustic problems in rotational background flow. LLAPE can save some computational time with acceptable loss in the accuracy compared with LAPE. Similar to the previous three cases, the GFD method shows better accuracy than the CSP method.
Conclusions
A Lagrangian approach for computational acoustics is presented and implemented numerically, using the SPH, CSP, and GFD methods to solve LAPE and LLAPE. In this Lagrangian approach, both acoustic and fluid variables are supposed to be the physical properties of a fluid particle which can move through both space and time, and LAPE and LLAPE are derived based on the hydrodynamic/acoustic splitting method. Applications to modeling sound propagation in moving fluids are outlined with four examples, and a comparison of the LAPE and LLAPE using the three meshfree methods is presented. Effects of particle spacing, smoothing length, and Courant number on SPH, CSP and GFD methods are evaluated.
The error analysis show that the present Lagrangian approach gives good agreement with exact solutions, and LLAPE can save some computational time with acceptable accuracy loss compared with LAPE. For four test cases, three meshfree methods are accurate for the time domain simulation of acoustic waves. The CSP and GFD method are convergent for all cases considered, while the standard SPH method is not. The GFD method is more accurate, but need a smaller CFL number to keep low numerical error, which increases computational time.
As illustrated in this paper, the Lagrangian approach is supposed to have potential for acoustic problems like bubble acoustics and combustion noise. Nevertheless, before engineering applications, variety of boundary conditions for the present Lagrangian approach still need to be analyzed with more numerical experiments. This issue is still under study and will be reported in a subsequent paper.
